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[pac

(HeopuenTtuposaHHbim) rpachom G HasbiBaetcs napa (V, E),
rae V — HenycToe KOHEYHOE MHOXECTBO BepluunH; E — KoHe4yHoe
MHOXECTBO pebep, npuyem Kaxgomy pebpy e € E conoctaeneHa
HeynopsaoYeHHas napa sepwuH, T.e. e = (v, w), rae v,w € V.
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[eTnn n kpaTHble pebpa

Pebpo e = (v, v), rae v € V, HasbiBaeTcs netnei.

Pebpa e; = (v,w) m e = (v,w), rae v,w € V n e # e,
Ha3bIBAlOTCA KpaTHbIMU pebpamu.

padh, B KOTOPOM AOMYCKAOTCS N NETNU, 1 KpaTHble pebpa nHorga
HasblBaeTCcs ncesgorpadom.

pach bes meTenib, HO, BOSMOXHO, C KpaTHbIMU pebpamu
Ha3bIBAaETCA MYSbTUrpacom.

padb 6e3 netenb u KpaTHbIX pebep Ha3bIBaeTCA MPOCTbIM, UK
00bIKHOBEHHbLIM rpacdhoM.

Mebi Bygem, kak npaBuio, paccMaTpuBaThb , T.€.
rpachbl 6e3 netens U KpaTHbIX pebep.
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CmMexxHOCTb

FoBopsiT, 4TO pebpo e = (v, w) CoeaAUHSIET BEpLUMHbI V 1 W, WA
MCXOAUT U3 BepLUnHbl v (1 M3 BEpLUMHBI W), UK BeplunHa v (n
BEpLUMHA W) 1 pebpo € — NHUWUIEHTHbI.

MMpyn 5TOM BepLUMHbI V N W Ha3bIBAlOTCA KOHLLAMu pebpa e, unm
CMeXHbIMU (coceaHUMM) no pebpy e.
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1306paxxerns rpados

[ns HarnsgHOCTM rpadpbl MOXHO M300paXkaThb: BEpPLUNHAM
CTaBSATCA B COOTBETCTBME TOYKM (pasHbIM BeplUMHAM —
pas/inyHble TOHKN); pebpaM COMOCTaBSOTCS HEMPEPbIBHBIE
KPUBbIE, COEUHSIOLNE COOTBETCTBYIOLMNE BEPLUNHBI (TOYKN)
(pasHbiM pebpam — pasnanyHble KpPUBbIE).

Mycte G = (V,E), rae V ={1,2,3}, E = {e1, &2, &3}, rRe
€ = (1,2), € = (1,2) ne = (1,3):
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1somopdnam rpachos

[ea rpadha 6e3 netens n KpaTHbIX pebep
G1 = (V1,E1) n Gy = (2, B2)

Ha3bIBAOTCS U3OMOPMHLIMU, €C/IN HAAETCS B3aWMHO
OAHO3Ha4HOe oTobpaxeHme ¢ : Vi — Vo, coxpaHsitowee pebpa, T. e.
AN51 NODbIX BEPWNH v, w € V] BbINOJHSIETCS COOTHOLUEHUE:

(v,w) € Bi & (#(v),p(w)) € Ea.
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[Mpumep nsomopdHbIX rpados




Mpacpbl
000000e000000

[lycTble n nosiHble rpadbl

Myctbim rpachom O, HasbiBaeTcs rpad C N BEpLIMHAMY, B
KOTOPOM HET Hu OfHOro pebpa (T.€. C NyCTbIM MHOXECTBOM
pebep), n > 1.

Monubim rpacom K, HasbiBaeTca rpad ¢ n BepwinHamm, B
KOTOPOM Ntobble ABe pa3/inyHble BEPLUMHBI CMEXHbI, N > 1.

Monublii rpad K3 Ha3bIBAETCS TakXKe TPEYroSbHUKOM.
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Fpacbu Kl, KZ, K3, K4

K> K3 Ky

Klo o
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HononHuTensHblli rpad

Hononuutensbhbim rpadom k rpady G = (V, E) HasbiBaeTcs
rpacd G = (V,E), rae

E={(v,w)|v,we V,v#w,(v,w)¢E}.

T.e. gononHuTenbHbIA rpa G COBEPXXUT Te XKe BEPLUMHBI, YTO 1
rpad G, n nobble ABE Pa3NyHbIE BEPLUMHBLI B HEM CMEXHbI B TOM
N TOJIbKO B TOM CJlydae, KOrfa 3TU BEPLUMHbI HE CMEXHbl B

rpache G.

[pyrumn cnosamu, fononHUTeNbHbIl rpad G copepXuT Te e
BepLMHbl, 4TO 1 rpad G, 1 B TOYHOCTM BCe Te pebpa, KoTopble He
copepxut rpad G.
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[padb v ero gononHeHue

Fpacd G v ero gononnenne G:

2 3
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CTeneHb BEpPLUMNHBI

Crenenbto dg(v) Bepwunbl v € V B rpace G = (V, E)
Ha3bIBAETCS YNCII0 UCXOASALLMX U3 Hee pebep (mpuyem netns
BHOCUT ABOVHON BK/Iaj B CTEMeHb BEPLUMHbI).

Crenenb dg(v) BepwuHbl v € V B rpade 6e3 netesnb n KpaTHbIX
pebep G = (V, E) coBnagaeT c YNCNOM CMEXHbIX C HEli BEPLUMH.

Ecim dg(v) = 0, To BepwmHa v Ha3bIBAeTCS U30/IMPOBAHHON B
rpacpe G; ecnm dg(v) = 1, To BeplwmMHa v Ha3bIBAETCs BUCAYEN,
unn KoHuesoii B rpade G.

ObosHaueHus: §(G) = min de(v) n A(G) = max dg(v) —

COOTBETCTBEHHO, HANMMEHbLLLUAA "N HanbonbLIasa cTeneHn BEPLUWNH

B rpace G.
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CreneHu BepluH
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Popmyna diinepa Ans CTeneHein BepLUUH

Mpepnoxenve 7.1. [lycte G = (V, E) — rpagh 6e3 neresns u
KpaTHbix pebep. Torga
1) > dg(v)=2-IE[;
veV
2) B rpaghe G 4uCIO BEPLUNH, UMEIOLNX HEHETHYIO CTENEHb, YETHO.

Hokazatenbctso.
1. PaccmoTpum cymmy B ieBOIi HacTn paBeHCTBa. T.K. sitoboe
pebpo rpacha MMeeT pPoBHO ABa KOHUA, Kakgoe pebpo B 3Toii
cymme ByseT noacyMTaHo poBHO ABa pasa. [Nonyyaem BbipaxkeHue
B MPaBOW 4YaCTnN PaBEHCTBA.
2. CBOIiCTBO HEMOCPEACTBEHHO CieqyeT M3 paBeHcTBa n. 1.

U

OtmeTtum, yto chopmyna diinepa gs cTeneHeli BepLINH BepHA U
ans ncesporpados.
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[yt B rpadpax

Mytem (nnu mapwpytom) B rpace G = (V, E) u3 BepwmHbl vy B
BEPLUNHY Vi, (nnn (v, Vm)-NyTem) HasbiBaeTcs
nocieAoBaTeNbHOCTL BepLINH 1 pebep rpada G

Vo, €1, V1,€2, V2, ..., Vm—1,€m, Vm,

B KoTopoii &; = (vj_1,Vv;) € E pnsi kaxgoro i =1,...,m, m > 0.

[Mpn 3TOM BepluMHa vy Ha3bIBAaeTCA HAYaNIOM NYTW, BEPLUNHA Vi,
Ha3bIBAETCA KOHUOM nyTu. Yncno m pebep nyTu HasbiBaeTcs ero
ONVHON.

[ns rpadhos 6e3 netens n kpaTHbIX pebep NyTb OA4HO3HAYHO
ONpeAensieTcs NOCAef0BaTENLHOCTLIO BEPLUMH
Vo, V1, V2,. .., Vm—1, Vm.

Llenb — nyTtb 6e3 nosTopeHnii pebep.

MpocTtas uenb — uenb 6e3 NOBTOPEHNIA BEPLLVH.
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[yt B rpadpax

Myts P =1,(1,2),2,(1,2),1,(1,3),3 n3 Bepwutsl 1 B Bepnny 3
B rpace G:

2 3
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CeoiicTBa nyTeit n uenei

Mpepnoxenuve 7.2. [lycte G = (V, E) — rpach 6e3 nerens un
KpaTHbix pebep. Torpa ecavn ans sepuwvH v,w € V B rpache G
HanigeTcs nyTb 3 v B w, 1o B rpache G Hanigetcsi npoctas uenb u3
VvV BW.

Hokasartenbcrtso. lNycts P — (v, w)-nytb B8 G, rge v,w € V.
Mokaxkem, 4To B G Haiigetcst npoctast (v, w)-Lenb.
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CeoiicTBa nyTeit n uenei

OokasatenbctBo. Ecnu B P Hukakas BeplunHa, He NOBTOPSIETCS,
TO OH — uckoMmasi npoctas (v, w)-uensb.

MycTb HekoTopast BepwunHa u € V' B Hem noBToOpsieTcs, T. €.
P = vPiuPyuPsw,

roe vPiu, uPu, uP3w — nyTu, Ha KoTopble pasbueaetcs nyts P
LBYMsS NoBTOpamu BepwuHbl u. [1pn 3TOM nepeblii nan TpeTuii n3
HUX MOXET ObITb NycTbIM (€C/IM U = vV UAN U = W), HO BTOPOIi 13
HUX BCErga CoNepXXUT XoTsi bbl 0gHO pebpo.

Torpa nosTopum 371 paccyxgenust ans (v, w)-nytu
P’ = vPiuP3w, nmelowero MeHbLIyO AANHY.

Yepes KoHe4HOe YNC/IO LIAroB MONYHYMM UCKOMYIO MPOCTYIO
(v, w)-uens.
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Llnknel B rpacpax

3aMkHyYTbI/ NyTb — NyTb, COAEPXKALLNI He MeHee ofHOro pebpa,
B KOTOPOM MOCNEAHSIS1 BEPLUMHA COBNAJAeT C NepBOii.

Linkn — 3amkHyThIl nyTb 6e3 nosTopeHuii pebep.

MpocToit UMKN — UKUKA, B KOTOPOM BCE BEPLLNHbLI, KPOME
nocnefnHen, pasinyHbl.
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Llnknel B rpacpax

Mpocroit uukn C =1,(1,2),2,(2,3),3,(1,3),1 B rpace G:

2 3
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CeoiicTBa Uenein u LUnKIoB

Mpepnoxenune 7.3. [lycte G = (V, E) — rpach 6e3 netens un
KpaTHbix pebep. Torga

1) ecan B rpache G HaligeTcst 3aMKHYTbIA MyTb HEYETHO AJIMHBI M,
m > 3, 1o B rpacbe G HaligeTcsi NpocToii YUK HEHETHON AJINHBI,
2) B rpache G HaiigyTcs

a) mpocTasi yenb ¢ JanHoi, He MeHbLlueii §(G),

6) npu 0(G) = 2 npoctoii yukn ¢ ganHoii, He menbiueri 6(G) + 1.
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CeoiicTBa Uenein u LUnKIoB

HokazatenbcTso.

1. PaccMOTprM 3aMKHYTbIA NyTb P He4eTHOW gnuHbel m, m = 3.
Ecnm B HeM HUKaKasi BEpLUNHA, KPOME MOC/IEHENR, HE MOBTOPSETCS,
TO OH — WCKOMbIi NPOCTOW LMKJ HeYeTHOW anuHbl. [TycTb
HeKoTopasi BeplwmnHa v € V B HEM NOBTOpPsIETCS, T. €.

P = vPivPsv,

rae vPiv, vPav — HenycTble 3aMKHYTbIe MyTW, Ha KOTOPbIE
BeplwmHa v pasbusaer nyte P. [ycTe my, my — AANHBI 3aMKHYTbIX
nyteii Py, Py, npudem my < mun my < m. VI3 Toro, 4to

m = my -+ My U M — HEYETHOE YNC/0, 3aK/o4aeM, 4To Aunbo

M1 — HeYeTHoe 4uncio, mbo my — HeyeTHoe 4mucio. NosTopum
pacCy>KAeHnst Aas HOBOro 3aMkHyToro nyTn P’ = vP;v c MeHblLueii
HEYETHOW AANHON m;. Hepe3 KOHEHHOE HMCO WAaroB Nojayynm
NCKOMbI/ MPOCTON LUKA HEYETHOI OJUHbI.
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CeoiicTBa Uenein u LUnKIoB

Hokazatenbctso.

2. a) PaccmoTpum npoussosibHyto Bepwmnty vo € V. Monoxum
Po = vop — npocTas uenb gnaunbl 0. [ycTb Mbl y>xxe nocTpounu
npocTyto uenb P; = vyvy ...V OJUHBI .

Ecim i = §(G), To P; — nckomas npocTas uenb.

Mycts i < §(G). T.k. dg(vi) = 0(G), HaiipeTcs Takas BepLunHa

Vir1 € V, He COBNajalowwas HN C OGHOM U3 BEPLINH Vo, Vi, ..., Vi_1,
uto (v, vir1) € E. [lobaBum 3Ty BepunHy vji1 K uenu Pj, T.e.
NoCTPOUM NpocTyto uenb Piy1 = vo, Va,. .., Vi, Viy1 &mnbl (i + 1).

Yepes §(G) waros Mbl NOAYHUM NCKOMYIO MPOCTYHO LEMb.
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CeoiicTBa Uenein u LUnKIoB

HokasaTtenbcTBo.

2. 6) MycTb Mbl nocTpounn NpocTyto uenb Pp = Vo, Vi, ..., Vi
aavHbl m = 0(G). Ecnu HalifeTcs Takasi BEPLINHA Viyi1, HE
COBMajatoLwas ¢ BEPLINHAMU VQ, V1, . . ., Vm, 4TO (Vim, Vmy1) € E,
TO f0BaBUM 3Ty BEPLWUNHY Vii1 K Uenn P, T.€. nocTpoum
npocTyto uenb Py = Vo, Vi, -« .y Vi, Vimt1 &AnHbl (m + 1),

Tak byaem pelicTBOBaTL A0 TEX MOP, MOKa He MOJYHUM TaKyto
npoctyto uenb Py = vp,Vi,...,Vm,...,V; &0unel I, [ > m, 4T0 BCE
BEPLUMHbI, C KOTOPbIMY CBS3aHa BepLUMHA Vy, JieXaT Ha uenu Pj.

NycTb viy, fp < |, — BEPLWIMHA C HAUMEHBLUVM HOMEPOM Ha
uenn P, ¢ KoTopoii CBsI3aHa BepLluMHA V). TOrga UCKOMBbI MPOCTOl
unkn C = vi,, ..., vy, V.

g



Moarpadbl
(1)

lpacp H = (V’, E') naseiBaetcs nogrpadom rpacpa G = (V, E),
ecm V' CV, E'CE.

Moarpacp H = (V, E’) rpacba G = (V, E), T.e. noarpad,
coaepXalunii Bce BeplwnHbl rpacda G, Ha3bIBAETCA €ro OCTOBHbLIM
noarpacom.
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Onepauun Hag rpadamm

Mycte G = (V, E) — rpad.

PaccmoTpum npeobpasosatus rpacha G npu nomoluy onepauuii
yaanenusi pebpa, yaaneHus BeplmnHel u gobasnenus pebpa.

Mpw ypaneHnn pebpa e, e € E, nonyyaem rpach G — e, rae
G—e=(V,E\{e}).

Mpwn ypaneHnn BepwuHel v, rge v € V, nonydaem rpacp G — v ¢
mHoxxectBoM BepwunH V \ {v} n c mHoxecTBom pebep E be3 Bcex
pebep C KOHLAMWN B BEPLUNHE V.

Mpn pobaeneHun pebpa e, e = (v, w), e ¢ E, nonyyaem rpag
G+e rpe G+e=(VU{v,w},EU{e}).
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Cesi3HOCTbL

lpacp G = (V, E) HasbiBaeTCst CBSA3BHbIM, €CIN ANSt KAXKAON Napbi
BepwnH rpacha G HaliAeTcs NyTb, COEQMHSIOWNIA 3TN BepwmnHbl (a
3HAYUT, N NPOCTasi UMb, COEAMHSIOAs 3TN BEPLUNHBI).

MakcumasnbHbIi (Mo BKIOHYEHNIO) CBSA3HBIN noarpad rpacda G
Ha3bIBAETCA €r0 KOMMNOHEHTOW CBA3HOCTW.

Ecnn G — cBasHbili rpad, To y rpacha G poBHO OfiHA KOMMOHEHTA
CBSI3HOCTMW.
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Cesi3HOCTbL

Mycte G = (V, E) — rpacp. Ha mHoxecTBe ero BepwuH V
paccMOTpUM ABYMECTHOe OTHoweHne R: anst v, w € V BepHo
R(v,w) ecnn B G Haiigetcs (v, w)-nyTb.

Torga R — pedieKCUBHO, CUMMETPUYHO U TPaH3UTUBHO, T.e. R —

OTHOLLEHNE SKBUBAJIEBHTHOCTN Ha MHOXecTee V.

Mycte Vi,..., Vs C V — Bce knaccbl 5KBUBaNEHTHOCTH MO
oTHoweHuto R.

Torpa G, ..., Gs, rae G = (V;, E;), rae E; C E — Bce pebpa, oba
KOHLLa KOTOpbIX NpuHagnexaTt MHoxecTBy Vi, i =1,...,s, — Bce
KOMMOHEHTLI CBsA3HOCTM rpada G.
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KoMnoHeHTbl CBsiI3HOCTU rpadpa
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CeoiicTBa CBsI3HbIX rpadhoB

Mpepnoxenune 7.4. Mycte G = (V, E) — cBaA3Hblii rpad.

1. Torga ecimn B rpacpe G Bepumnbl v, w € V He cmexHbl u kK G
40baBuTb pebpo, coeauHsIoLee vV U W, TO B MOJyH4EHHOM rpage
HaM[eTCs YUK

2. Toraa ecim C — ywmkn B rpagpe G, e — pebpo nz C u uz G
yaanuTb pebpo e, TO OCTaHETCs CBS3HbINA rpadg.
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CeoiicTBa CBsI3HbIX rpadhoB

Hokaszatenbctso. 1. Mycts G = (V, E) — cBsA3HbIii rpad n
e=(v,w), raev,we V,e¢E.

lpacp G — cBA3HbLIA, No3TOMY B HeM Haiigetcs (v, w)-nyTb, a
3HaunT, n npoctas (v, w)-uenb P. B rpace G + e npoctas uenb P
Takxe cogepxutcs. Torga C = vPw(w, v)v — MUCKOMBIIi LMKN B
rpade G + e.
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CeoiicTBa CBsI3HbIX rpadhoB

Hokazatenbctso. 2. Mycts G = (V, E) — cBaA3HbIii rpad v
pebpo e npuHagnexunt uukay C rpacga G.

PaccmoTpum fBe Npou3BoJibHBIE BEpLWNHLI U1, Uy Tpadha G — e.
DTu e BepLINHBI NpuHagnexaT rpady G. padp G — ceazHbIi,
nosatomy B rpace G Haiigercs (ui, up)-nyte P. Ecam nyte P He
npoxoanT Yepes pebpo e, To oH comepxuTtcs u B rpace G — e.
Ecnn xe nyts P npoxoguT 4epe3 pebpo e, To 3aMeHUM B HEM 3TO
pebpo pebpamu, npuHagnexalmmMmy octaslelica 4actu uukna C.
Monyuum (ug, up)-nyTe B rpacpe G — e.

O
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Y1cno KOMMNOHET CBA3HOCTM

Teopema 7.1. [lycte G = (V, E) — rpagh 6e3 netenb n kpaTHbIx
pebep ¢ p BeplmHamu, g pebpamu n S KOMIOHEHTaMU CBSI3HOCTU.
Toraa

)szp—aq

2) ecnn B rpache G OTCYTCTBYIOT LMK/bI, TO S = p — .
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Y1cno KOMMNOHET CBA3HOCTM

HokasaTtenbcTBo.

1. PaccmoTpum nepexog ot rpacha G; = (V, E;) k rpady
Gi+1=Gi+e roe E; CE, ec E\ E;. MNyctb B rpacax G, Gjy1
COOTBETCTBEHHO S;, Sj11 KOMMOHET CBA3HOCTU. Torga ecnm pebpo e
COEAMHAET BEPLUNHbLI U3 OAHOM KOMMOHEHTbLI CBA3HOCTU rpada G;,
TO Sj11 = Sj; U ecin pebpo e CoeauHSIeT BEpLUMHBI U3 Pa3HbIX
KOMMOHEHT CBs3HOCTM rpadpa Gj, To sj11 = s; — 1. MNoaTomy

Siy1 =2 s — L.

Mpad G moxHo nonyunts u3 rpada Go = (V,0) c p
KOMMOHEHTaMU CBSA3HOCTU NOCNefoBaTebHbIM A0baBNeHEM BCeX
pebep mHoxectea E. Mostomy s > p — gq.

2. Ecnu xe B rpacbe G HeT UMKNOB, TO B NPeAblAYLNX
paccyxpaeHusx BepHo si11 = s; — 1. MNoatomy s = p — q.
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Yucno pebep B cBA3HOM rpade

Cneacteue 7.1.1. B 0bom cBsi3HOM rpaghbe ¢ p BepLLMHaMy
cogepxuntcs He meHee p — 1 pebep.

,D,OKGB&TGH bCTBO NpPoBeANTE CAMOCTOATENBbHO.



3ajauun Ansi CaMOCTOSITENIbHOMO peLleHus

1. Onpegenute noHsiTne nzomopdusma Assi ncesnorpados.

2. NpoBepbTe, BepHbl NN npegnoxeHns 1-4
1) ans mynbTurpados;
2) pns ncesgorpacos?

Ecnn BepHbl, TO 0DOCHYiiTE 1X; €Cny HE BEPHbI, TO YKaXXNTeE, Kak
HY>XHO U3MEHUTb POPMYINPOBKYM, YTODLI OHW CTaaun BEPHLIMM.



	
	  
	
	
	
	

