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MonHbie cuctemsl
9000000

[TonHas cucrtema

Mycte A C P,. MHoxecTBO A Ha3blBaeTCs NOSIHOW CUCTEMON,
ecnn dopMynaMun Hag A MOXHO BbIPa3uTh 0Dy PYHKLMIO
anrebpbl noruku.



MonHbie cuctemsl
Oe00000

Monxota cuctemsl {x - y,x V y,x}

Mpepnoxenve 4.1. Cucrema A= {x-y,xV y,x} sapasercs
MOJIHOMA.

HdokazaTtenscrtBo. PaccMoTpum npounssonbHyto dyrkuuo £ € Ps.
1.Ecm f =0, 10 f =X x.

2. Ecnn f # 0, 10 npeactasum f ee cosepienHoii JAHD.



MonHbie cuctemsl
00@0000

MonHoTa cuctemsl {x -y, x D y,1}

Mpepnoxenve 4.2. Cucrema A= {x-y,x Dy, 1} asnsercs
MOJIHOMA.

HdokazaTtenscrteo. PaccMoTpum npounssonbHyto dyrkuuo £ € Ps.
1.Ecm f=0, 10 f = XD x.

2. Ecnn f # 0, To npeactaBum f ee nonmHomom MerankuHa.
O



MonHbie cuctemsl
000e000

Jlemma o AByx cuctemax

[Noka)keM NMOJIHOTY HEKOTOPLIX APYrUX CUCTEM.

[ns pokasaTenbCTBa MOJIHOTHI HAM MOHAACbUTCS CreaytoLwas
neMma.

Nemma 4.1. [lyctb A, B C P,. Ecaim B — nonHas cuctema m
kaxgas pyHkyus nz B Bbipaxaercs ¢popmynoi Hag
MHOXXeCTBOM A, To A — Takxxe noJsiHasi cucTema.



MonHbie cuctemsl
0000e00

Jlemma o AByx cuctemax

HdokazaTtenscrTeo. PaccMoTpum npounssonsHyto dyhkuyuto f € Ps.

Cuctema B — nosiHa, nosToMy Halifetcs HekoTopast dhopmyna F
Hag MHOXeCTBOM B, koTopas BbipaxkaeT pyHKLuiO f.

Myctb B dhopmyne F BCTpeyatoTcs TONLKO
yHKkunM g1,...,8: € B, t.e. F = Flg1,...,&t]

Mo ycnosuio yTeepxxaeHns kaxaas pyHkumst g € B MoxeT bbiTb
Bblpa)keHa HekoTopoli chopmynoii G; Haf MHOXECTBOM A,
i=1,...,t.

Torpa, noactasue B chopmyny F BMeCTo Kaxzol yHKUNMN g;
cdopmyny G;, nonyuum dopmyny F[Gi, ..., G| Hag
MHOXXECTBOM A, KOTOpas BblpaxkaeT yHKLMio f.



MonHbie cuctemsl
00000 e0

HeKOTOpre NOJIHbIE CNCTEMDbI

Teopema 4.1. Cregyrouyme MHOXKECTBA SIBASIOTCS MOJIHBIMY

cucTemamu:
1. A={x,x-y},
2. A={x,xVy},
3. A={x/y},
4. A={xly}.



MonHbie cuctemsl
0O00000e

HeKOTOpre NOJIHbIE CNCTEMDbI

OokazatenbctBo. [lpuMeHumM nemmy o gBYX CUCTEMAX.

1. Bblpasum Bce dyHKLmMmM 13 nonHoli cuctemsl {x -y, x V y, X}
copmynamm Hag A: xVy =X .

2. Bbipa3um Bce dyHKUMM 13 MOAHOR cuctemsl {x -y, x V y, X}
dopmynamm Hag A: x -y =X V .

3. Belpasum Bce byHKUUN 13 NONMHOI cucTeMbl {x -y, X}
dopmynamm Hag A: X = x/y, x -y = x/y = (x/y)/(x/y).

4. Bbipasum Bce cyHKUMM 13 nosiHOM cuctemsl {x V y, X}
dopmynamm Hag A: X =x Ly, xVy=xly=(xly)l(x]y)



3amMKHyTble Knaccbl
@®0000

[TonHas cucrtema

Mycte A C P,. MHoXecTBO A Ha3blBaeTCs NOSIHOW CUCTEMOM,
ecnn dopMynaMun Hag A MOXHO BbIpa3uTb JtobYyO DyHKLMIO
anrebpbl NOruKu.

A Kak npoBepuTb NOJHOTY 3afaHHOl cuctembl A?

OKa3bIBaeTCF|, HYTO MOXXHO paCcCMaTpuBaTb 3d@MKHYTble K/1aCCbl.



3amMKHyTble Knaccbl
O®000

3aMblKaHNEe MHOXeCTBa

Mycte A C P,. 3ambikaHuem [A] mHoxecTBa A HasbiBaeTCs
MHOXXECTBO BCEX (DYHKLNIA, KOTOPbIE MOTYT BbITb BbIpaXkeHbI
dopmynamm Hag A.



3amMKHyTble Knaccbl
(eJe] lele]

CBOIICTBa 3aMbIKaHUS MHOXECTBA

Hns nponssonbHbix MHOXecTB A, B C P, BepHbl cnegytowime
CBOIACTBA:

[P2] = P,

AC[A],

ecm A C B, 7o [A] C [B],
[[A]] = [A]

o=



3amMKHyTble Knaccbl
[eJele] Je]

3aMKHyTbI Knacc

Mycte A C P,. MHoXecTBO A Ha3blBaeTCss 3aMKHYTbIM KJ1aCCOM,
ecnu [A] = A.

13 cBolicT 3ambikaHns MHOXeCTBa cregyeT, 4To ecin A = [B]
4Ns HekoToporo MHoxecTBa B, B C P, To A — 3aMKHyThIA Kjiacc.

B yvactHocTu, P, — 3aMKHYyTbI Knacc.



3amMKHyTble Knaccbl
O000e

BBMKHyTbIe KJ1aCCbl N NMOJIHOTA

Mpepnoxenue 4.3. [lycte A C Py, A — 3aMKHYTbIN Knacc u
A # P,. Torga gns moboro muoxectsa B, B C P,, BepHo: ecin
B C A, to B — He nonHas cucrema.

HokazatenbcrBo. MTak,
B C A.
Mo cBoiicTBaM 3aMblKaHWs U U3 YCIOBUS MOJy4aeM:
[BC[A] = A# P..

3nauur, [B] # P,, T.e. B — He nonxas cucrema.



Knaccer T
®000

PyHkLMKM, coxpaHstowme koHcTaHTy 0

®Pynkums f(x1,...,x,) € P, coxpansiet 0, ecnn
f(0,...,0)=0.
MuoxecTBo BCex pyHkuuii, coxpaHnsitowmx 0, obosHauwum Ty.

OTtmetum, 4to x € Ty.

3ametum, yto To # 0, T. k., Hanpumep, 0, x D y,x -y € Tg, 1
To # P>, T.k., Hanpumep, 1,X,x ~ y ¢ Ty.



Knaccer T
0e00

3amkHyTOCTb Ty

Teopema 4.2. MuoxectBo Tg ABASETCS 3aMKHYTbIM KJ1aCCOM.

Doxkazatensctio. MNyctb fo(y1,...,Ym) € To n
fi(x1,...,xn) € To, i =1,...,m, npudem cyHkunn f;,
i=1,...,m, MOTyT 3aBNCETb HECYLLECTBEHHO OT HEKOTOPbIX CBOMUX

nepeMeHHbIX.

PaccmoTtpum dyHkumto

f(x1y.eoyxn) = fo(A(x1, .oy Xn)y oo vy fmn(X1, ooy X))

MNony4yaem:
f(0,...,0) = f(A(O0,...,0),...,fn(0,...,0)) =
= f(0,...,0)=0,
TK. FETopnaecexi=1,....mufy€ Ty

3HaunT, f € Ty.



Knaccer T
ocoeo

PyHKUNN, COXPaHSIIOLLNE KOHCTAHTY 1

®Pynkums f(x1,...,x,) € P, coxpaHsiet 1, ecnn
f(1,...,1)=1.
MHoxecTBo BCex hyHKLWIA, coxpaHsitowmx 1, obosHaunm T7.

OTtmeTum, 4yto X € T1.

3ametum, yto T1 # (), T.k., Hanpumep, 1,x ~ y,x-y € Ty, u
T1 # Py, 1.k, Hanpumep, 0, X, x Dy ¢ T;.



Knaccer T
oooe

3amkHyTOCTb T3

Teopema 4.3. MHoxecTso T1 ABASIETCS 3aMKHYTbIM KJAaCCOM.

Joka3aTenbCTBO NOMHOCTBLIO aHANOMMYHO AOKa3aTeNbCTBY
npeablayLero yTBep)KaeHs.



Jluneiinble dyHKLMN

®Pynkuus f(x1,...,%,) € P2 Ha3biBaeTCst NUHEWHOM, €CNK OHa
MOXeT BbITb MpefcTaB/ieHa B BUJE:

f(X1,...,xn) =c0Dcax1 ... D chXn,

)

roe koadpduuymnenTsl ¢, €1, ..., Ch € Eo.

Opyrummn cnosamu, dpyHkuus f — nuHeiiHa, ecau B ee NoJMHOME
MerankuHa HeT cnaraembix XoTsi Obl ¢ ABYMsi nepemeHHbIMM (T. €.
paHra, bonbLIero eauHMLbI).

MHoxecTBO BCEX NuHelHbIX pyHKUui 0bo3Haumm L.
OtmeTum, yto x € L.

3ametum, yto L # (0, 1. ., Hanpumep, 0, X, x Py € L, n L # P;,
T.K., Hanpumep, X -y, XxVy =Xy @ x Dy gé L.



3amkHyTOCTb L

Teopema 4.4. MHoxecTso L sBAsieTCS 3aMKHYTbIM KAaCCOM.

JokazatenbctBo. [JocTaTouHO 3aMeTUTh, YTO Npu Npu
NOACTAaHOBKE BMECTO MEPEMEHHbIX JINHEVHON (DYHKLUN KaKNX-TO
Apyrunx JINHERHBIX d.)yHKLI,VII7I HE& MOTyT NOABUTBCA KOHBHOHKL NN
MepeMeHHbIX B ciaraembix. [10aToMy npu Takoi nofgCTaHOBKE
nonyyaertcst inHeliHas yHKLUS.



[BolicTBeHHas YyHKLNS

®PyHkums F*(x1,...,x,) € P2 Ha3biBaeTCs ABONCTBEHHOM K
dyHkuun f(x1,...,%p) € P2, ecnn

f*(Xl,...,Xn) = f()_(l,... ,)_<n).

OTtmeTum, 4To Ans noboii dyrHkumn f € P, Bepro (F*)* = f.

CnepoBatenibHo, BCe pyHKLUN anrebpbl JOMUKN MOXHO pa3butb Ha
napbl ABOWCTBEHHbIX APYr K APYrYy OyHKLWI.



[Mapbl ABONCTBEHHBIX DYHKLNIA

Haiigem HekoTopble napbl ABONCTBEHHbLIX (DYHKLWIA:

febP | ffeh Ha3BaHUs yHKLWI

0 0=1 KOHCTaHTbl O m 1

X X=x TOXAECTBEHHAsH PYHKLMS

X X=x oTpuuaHune

X-y X-y=xVy KOHBIOHKLMNA U ON3BIOHKL WA

X@®y | XBYy=xr~y | cnoxeHne no mod 2 1 3KBMBANEHTHOCTb
x/y Xy=xly wrpux LLledbepa n ctpesnka Mupca




CamopBoiicTBeHHble PyHKLMN

®Pynkuus f(xi,...,x,) € P2 Ha3biBaeTC CAMOA,BOCTBEHHOM,
ecnm
* - —
(X1, .oy xn) = (X1, ..., Xn) = Fx1,. .0, Xn).
Opyrummn cnosamu, doyHkumst f — camMofBOWCTBEHHA, €C/n
ABOViCTBEHHAn K Heli byHKUMS C Hell coBnajaer.



CamopBoiicTBeHHble PyHKLMN

Habopsl «, 5 € EJ HazoBeM NPOTUBONOJIOXKHLIMU, €C/IV OHY
OT/NYAIOTCSA BO BCEX N paspsifax.

OTtmeTum, 4To Ans noboro Habopa o € EJ npoTNBONONOXKHBIiA
emy Habop onpefeseH 0gHO3HAYHO; 0BO3HAYMM €ero Q.

Mepenuuiem paBeHCTBO NPsSIMOIl 1 ABOWCTBEHHOW (DYHKUWI B BUAE:
f(X1,...,%n) = f(x1,...,Xn)

Tenepb ans ntoboro Habopa a € EJ nonyvaem:

f(@) = f(a).

3HaunT, dyHKuMs f — camMOABOICTBEHHA TOrAA M TONLKO TOrAa,
KOrga Ha BCEX Mnapax MpOTUBOMOJIOKHbLIX HAbOPOB OHa NMpUHUMAET
MPOTVBOMNOJIOXKHbIE 3HAaYEHNS.



CamopBoiicTBeHHble PyHKLMN

MHOXEeCTBO BCEX CAaMOABOWCTBEHHbIX (hyHKLMIA 0bo3Ha4 UM S.
OtmeTuMm, 4yt0o X € S.

3ametum, 4t0 S # ), T. k., Hanpumep, x,X € S, u S # Py, T. k.,
Hanpumep, 0,1, x -y ¢ S.



3amkHyTOCTL S

Teopema 4.5. MHoxecTBo S SBASIETCH 3aMKHYTBIM KJ1ACCOM.

Hokazatensctso. Myctb fo(y1,...,¥m) € Sm fi(x1,...,xn) €S,
i=1,...,m, npudem dyHkuun f;, i =1,... m, MOryT 3aBuceTb
HECYLLLECTBEHHO OT HEKOTOPbIX CBOUX MEPEMEHHbIX.

PaccmoTpum dyHkumio

f(x1y .. yxn) = fo(A(x1y . s Xn)y e ooy fm(X1, ooy Xn)).

MNonyyaem:

f(X1,...,%n) = 1o

TK.FeSpmmeexi=1,....mnfy€S.



MoHOTOHHbBIE DYHKLUY

Ecnn o, 8 € EJ, 10 ckaxem, 4to av < 3 npwm «; < [B; ans Beex
i=1,...,n

®Pynkuus f(xi,...,%,) € P2 Ha3bIBaeTCi MOHOTOHHOW, eCin A5
ntobbix Habopos «, B € EJ n3 o < [ cnepyet f(a) < ().

MHOXeCTBO BCex MOHOTOHHbIX dOyHKLMIA 0bo3Hauum M.
OTtmeTum, 410 X € M.

3ametum, 4to M # (), T. k., Hanpumep, 0,1, x € M, un M # P,,
T.K., Hanpumep, X ¢ M.



CBOIICTBO HEMOHOTOHHOW (OYHKLM

Habopel «, 3 € EJ HasoBeM COCEAHUMM, €CIN OHN OTANYAIOTCS
TOJIbKO B OfHOM paspsfe.

Mpepnoxenve 4.4. Ecan f(x1,...,x,) &€ M, 10 HaligyTcs gBa
Takux cocefHnx Habopa o, f € EF, 4to a < 3, Ho f(a) > f(B).

,D,OKa3aTeJ1 bCTBO NpoBeANTE CaAMOCTOATENbHO.

3HaunT, pyHKUMA f — MOHOTOHHA TOrfa M TOJILKO TOrga, Korga Ha
BCeX Napax cocefHux Habopoe OHa MPUHMMAET 3HAYEHUS, HE
HapyLlatoLme MOHOTOHHOCTb.



3amkHyToCcTb M

Teopema 4.6. MHoxecTtso M siBisieTcsi 3aMKHYTbIM K/1aCCOM.

Hokasatenbctso. MNyctb fo(yi,...,¥m) € M u fi(x1,...,xn) € M,
i=1,...,m, npudem dpyHkuun f;, i =1,..., m, MOryT 3aBuceTb
HECYLLIECTBEHHO OT HEKOTOPbIX CBOUX MEPEMEHHBbIX.



3amkHyToCcTb M

HdokazaTtensbcreo. PaccMoTpum doyHKuumo
f(x1y .. yxn) = fo(A(x1, oy Xn)s ooy Fn(xa, ...
Myctb o, B € EJ n a < B. Torpa:

fla) = fh(fA(a),..., fn(a))
f(8) = h(A(B),....fm(B))

rae 7,0 € E7, fi(a) =i, fi(8) = 0; pnsiscex i =1,...,m.

Ho fi,...,fm € M, nostomy v; < J; pnascex i =1,...,m, a

3HauuT, v < 4.

Ho fo € M, nostomy fo(y) < fo(0), a sHauur, f(a) < (5).

CneposatensHo, f € M.



AnropuTtmsi
[ I}

[MpoBepka npuHagiexxHoctn dyHkuun K To, T1, L, S, M

Otmetum, 4to ans dyHkumn f(xy,...,x,) € P anroputms
MPOBEPKN €€ MPUHALNEXXHOCTU K KaXKLOMY U3 KIacCoB

T07 Tl: L: 57 M
MO>XHO NMOCTPONTb Ha OCHOBE yCﬂOBVIVI, onpefenAarwnx Haan4dmne y

PYHKLUMN KAXK[Oro N3 3TUX CBOMCTE.

1. CoxpaHeHuMsi KOHCTaHTbI: HYXHO npoeepuTsb, 410 F(0,...,0) =0
nnn, cooteeTcTBeHHo, f(1,...,1) = 1.

2. JInHelHOCTb: MOXHO HaiiTn K03 UL MEHTLI NOJMHOMA
Kerankuna dyrkunm f un nposeputsb, 4to cr(a) = 0 ans Bcex
Taknx « € EJ, uto |a| > 2.



AnropuTtmsi
oce

[MpoBepka npuHagiexxHoctn dyHkuun K To, T1, L, S, M

3. CaMOABOﬁCTBEHHOCTbZ MOXXHO NpPOBEPUTL, YTO Ha BCEX Mapax
NPOTUBOMNOJIOXKHBIX Ha60pOB f NMPUHNMAET NPOTUBOMNOJIOXKHbIE
3HaA4Y€HUA.

4. MOHOTOHHOCTb: MOXKHO MPOBEPUTbL, HTO Ha BCEX Mapax COCEAHMNX
HaboOpOB f NMPUHMMAET 3HAYEHUS, HE HAPYLIAIOWMNE MOHOTOHHOCTb.



3ajauun Ansi CaMOCTOSITENIbHOMO peLleHus

1. lokaxxuTe Teopemy 4.3 n npegnoxerue 4.4.

2. MNokaxnTe, 4TO ecnu Tabnuuy Habopos us EJ, n > 1, pasgennTsb
JINHWER nonosiaM, TO BCE Nnapbl NPOTUBOMNOJOXKHBLIX Habopos byayT
HaXOAMTbCS CUMMETPUYHO OTHOCUTENBLHO 3TOW AnHumn. Ha ocHose
3TOro HabngeHUA ONULINTE aNrOPUTM NPOBEPKW NPUHAANENXHOCTU
yHkuyun € Pé"), n > 1, kK knaccy S no ee BeKTOpPY 3HaYeHWi

af € E22n.
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