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FeomeTpunyeckoe npeacrasnexHne
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[eomeTpudeckoe npeacrasnerne rpada s R”

lMeomeTtpuyeckum npeacrasnexuem rpacda G = (V,E) 8
npocTtpaHcTee R"” HasbiBaeTcs Takoe ero oTobpaxenue 8 R", npu
KOTOpOM:

1) kaxpgoii sepwure v € V conoctaeneHa Toyka B R”, npnyem
pa3HbIM BEPLUNHAM — pa3Hble TOYKN;

2) kaxgomy pebpy (v, w) € E conocrtaeneHa HenpepbiBHas KpuBas,
COeMHSAOLLAsA TOYKN, COOTBETCTBYIOLNE BEPLINHAM V 1 W, U HE
NPOXOAALLAs Yepe3 TOYKMN, COOTBETCTBYIOLNE APYTUM BEPLLUMHAM;

3) KpoMe TOro, KpnBble, COOTBETCTBYIOLME Pa3anNyHbIM pebpam, He
MepeceKatoTCa 3a UCKJIIOYEHNEM CBOMX KOHLIOB.



FeomeTpunyeckoe npeacrasnexHne
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[eomeTpuyeckoe npeacrasieHne rpada

CneBa — nsobpaxenue Ky, He ABAAIOLLEECS €MO FEOMETPUYECKUM
NpeAcTaBAEHNEM Ha MIOCKOCTW.
CnpaBa — reometpu4eckoe npeactasienne Ky Ha NAOCKOCTH.




FeomeTpunyeckoe npeacrasnexHne
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[eoMmeTpuyeckoe npeacTasieHne rpacdos B R3

Teopema 10.1. Jlioboii rpacb G fonyckaeT reoMeTpuyecKoe
npegcragnenve B R3.



FeomeTpunyeckoe npeacrasnexHne
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[eoMmeTpuyeckoe npeacTasieHne rpacdos B R3

Hokasatenbctso. Mycte G = (V,E), rge V = {v1,..., v},
E={e,...,eq}.

BosbMmem B R3 nponssonbHyto npsiMyto | 1 oTMeTUM Ha Heii p
Pa3INYHbIX TOYEK, KOTOPbIE O603Ha‘-IVIM Vi,.o oy Vp. COI'IOCTaBVIM nx
BepwmHaMm rpaca G.

BosbMmem g pasnunyHbIx NaockocTelt 7y, . .., Tg, COAEPKALLNX
npsimyto /. Pebpy e; = (vj,, vi,) rpaca G conocTaBum Kpusyto,
COEAMHSIIOLLYIO TOYKU Vj; W Vj,, KOTOPYIO NPOBEAEM B MIOCKOCTU T},
i=1...,q.

Mo nocTpoeHunio KpuBble, CONOCTaBNEHHbIE pebpaM, MoryT
NepeCcekaTbCsl TOJIbKO B KOHLEBbIX TOYKaxX. 3HAYUT, NONYHUIN
reomeTpuueckoe npegcrasneqne G g R3.



MnanapHocTb
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[MnaHapHbIi rpad

padp G Ha3biBaeTCA MAaHapPHbIM, €CNN HAlAETCA €ro
reoMeTpu4eckoe npeAcTaBneHme Ha naockoctn (T.e. B R?).

B obpatHoM cnyyae rpac G HasbiBaeTcs HenMaHapHbIM.



MnanapHocTb
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FeomeTpuyeckoe npefcTaBieHne niaHapHoro rpacda B R? Hasosem
€ro ykjlagkoh Ha naoCKoCTW.

Cesi3Hble 06MaCTN NIOCKOCTYM, OrpaHnyeHHble pebpamu naaHapHOro
rpacha npm ero yknagke Ha MAOCKOCTU, Ha3bIBAtOTCS FPaHsAMMU,
HeorpaHnyeHHast 0b1acTb Ha3bIBAETCS TaKXe BHELUHEN rpaHbio.



MnanapHocTb
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Mycte G — nnaHapHblii rpac n ®(G) — Kakas-To ero yknagka Ha
MNJIOCKOCTN.

PaccmoTpum aBymecTHoe oTHolweHune R Ha R? \ ©(G): ecn

a,b € R?\ ®(G), To a R b B ToM 1 TonbKo B TOM Ciyyae, koraa
TOYKN @ N b MOXKHO COEANHNTL HEMPEPbIBHOW KPUBOMA, He
nmetoweii obwmx Todek ¢ P(G).

OTHoweHne R — pedpneKCMBHO, CUMMETPUYHO N TPaH3UTUBHO, T. €.
R — OTHOLEHNE SKBMUBaNEHTHOCTM Ha R2 \ ¢(G).

Kaxgblii Knacc 3KBMBaBaNEHTHOCTM MO OTHOLWEHNIO R siBasieTcs
rpasbto B yknagke ¢(G).



[patn K, npu

MnanapHocTb
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€ro ykKjiagke Ha njaoCKoOCTH




MnanapHocTb
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Popmyna Jiinepa

Teopema 10.2 (cbopmyna diinepa gns nnaHapHbix rpacos).
Ecnn G = (V, E) — cBsi3HbIi naaHapHblii rpagh ¢ p BepLunHamm
v q pebpamm, TO A1 KaXZOM €ro ykAazKu Ha MIOCKOCTU BEPHO
pPaBEHCTBO p — q + r = 2, rge r — YUCJIO rpaHeii B 3TON yKaaaKe.

[okasaTenbLcTBO NpoBefeM UHAYKLMEA NO g NpU 3aJaHHOM p.

basuc nHgykynn: ecnn g = p — 1, To G — pgepeso.
Kaxgoe fepeBo — nnaHapHblil rpad ¢ 0fHON rpaHblo, NO3TOMY
cdopmyna BepHa.



MnanapHocTb
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Popmyna Jiinepa

OokazatenbcTBO. VIHQYKTUBHLIG nepexos: pacCMOTPUM CBSI3HbINA
nnaHapHbli rpadp G ¢ p BepwuHamu n q > p pebpamu. lMyctb
33[3aHa ero yKnagka Ha njaocKoCTu, B KOTOPOW r rpaHei.

B rpacbe G HaiigeTca xoTst Bbl OAUH LMK, U NyCTb € — ntoboe
pebpo M3 KaKoro-To €ro LuKa.

Torpa rpadp G’ = G — e — cBA3HBIN 1 NAaHaPHbLIA C P BEpLUINHAMM
n g — 1 pebpamu, 1 ero yknagka Ha NaoCKOCTU COAepXnT r — 1
rpaHeii, T. K. npu yganesun pebpa e u3s yknagku rpacgpa G ase
rpaHN COEAMHSIOTCS B OOHY.

Ans rpacba G’ BepHO NpeanonoXeHne MHAYKUUN, T. €.
p—(g—1)+(r—1)=2,otkypap—qg+r=2.
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Hanbonbliee yncno pebep B nnaHapHbix rpadax

Teopema 10.3. Haubosbiuee yncno pebep B nnaHapHom rpache
(6e3 netenb n kpaTHbIX pebep) ¢ p, p = 3, BepmHamMu
pasHo 3p — 6.



MnanapHocTb
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Hanbonbliee yncno pebep B nnaHapHbix rpadax

HdokazaTtenbctBo. MoXHO paccMaTpuBaTh CBSA3HbIE rpadbl.

1. Bepxnsisi oyerka. Mycte G = (V, E) — cBA3HbIN nnaHapHblii
rpach ¢ p BepwinHaMu U g pebpamu.

PaccmoTtpum yknagky rpacdpa G Ha mnockocTun, u nycrb g; — Y4nUCIo
pebep, BCTpeyatowmxcs npu obxoge rpaHuLbl i-ii rpaHn B 3TOM
yknagke, i =1,...,r.

r
Torpa > g = 2q, T. k. kKaxgoe pebpo:

i=1
1) nubo paspensieT ABe rpaHu, a 3Ha4MT, cUMTaeTCs npu obxoge

rpaHunL, 3TUX ABYX rPaHeii;

2) nnbo NeXnT B OFHOM rpaHu, a 3HAYMT, nNpu 0bxone ee rpaHuLbl
cyMTaeTcs fBa pasa.



MnanapHocTb
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Hanbonbliee yncno pebep B nnaHapHbix rpadax

HokazatenbctBo. M3 cBasHocTu rpaqba mp >
gi = 3, otkyga 3r < 2q, win r < 3 - q.

Mo cdopmyne diinepa r = g — p + 2, nosTomy

2
9-pP+2<3-4

a 3Ha4yuT,
qg<3p—6.

3 nonyyaem
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Yucno pebep B nnaHapHbIx rpadax

HokazatenbctBo. 2. JocTuxumocTs BepxHeii oyeHku. [NocTpoum
rpadobl, Ha KOTOPLIX AOCTUraeTCs 3Ta OLEHKA. JTO CBSA3HbIE
niaHapHble rpadbl, B KOTOPbIX Ntobasi rpaHb (BKAOHAsH BHELLHIOW)
OrpaHuMYeHa UUKIOM AJIMHbl Tpu. Takne rpadobl Ha3bIBAOTCS
TPUAHTYAALUUAMN.

Ecam p =3, To G, = K.

MycTb y>ke NOCTPOeH CBA3HLIA NiaHapHbIi rpad Gpcp
BeplwimHaMun u 3p — 6 pebpamu, Kaxkaast rpaHb KOTOpOro
OrpaHMyeHa TPeyroabHUKOM.

Torpa rpad Gp41 nonydaetcs us G, fobaBneHnem HOBOVA
BEPLUMHbI BHYTPU KaKOM-TO rpaHn u pebep, coeanHAoWmx 3Ty
BEPLUMHY C TPEMS BEPLUMHAMU FPaHULbl 3TOW FpaHu.



MnanapHocTb
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Yucno rpaHeii B nnaHapHbIx rpadax

Cneacteue. Haubosbuiee 4ucio rpaHeii B ykaagKke naaHapHOro
rpacpa (6e3 netesnb n kpaTHbIx pebep) ¢ p, p = 3, BepwmHamu
paBHo 2p — 4.
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CBoOICTBO MnaHapHbIX rpacoB

Mpeanoxenuve 10.1. Jloboii nnanapHeiii rpagh (6e3 netenb n
KPaTHbIX pebep) COREPXXUT BEPLUNHY CTeNneHu, He bosbLIed NaTn.

Joka3zaTtenbcTBo. MoXHO paccMaTpuBaTh CBSA3HbIE rpadbl.

[Nokaxem ot obpatHoro: nycts G = (V/, E) — cBa3HbIli nnaHapHbIii
rpach ¢ p BepwmHaMu U g pebpamu, B KOTOPOM Ntobasi BEPLUMHA
MMEET CTeneHb He MeHee LUECTU, T.e. Ans noboii seplmnHbl v € V
BepHo dg(v) > 6.

Torpa no dopmyne diinepa A5t CTENeHel BEPLUNH MOAyYaEM:
2q =Y dc(v) = 6p,
vev
a 3HauuT, g > 3p.
Ho no npegbiayiieii Teopeme BepHo g < 3p — 6 — npoTusopeyue.

3HaunT, B G HalifeTcs BepliMHa CTeneHn, He bosee naTu.

&l



KpuTtepuii nnanapHocTtun
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HennanapHocts Ks

Teopema 10.4. [pach K5 He sBasieTcs naaHapHbiM.

Joka3zaTtenbcTBo nposegem ot obpaTHoro: nycTs rpad Ks
nJiaHapeH.

Torpa ons Npon3BONLHOW €ro yKnafku Ha nJIOCKOCTW BEPHO
PaBEHCTBO:

p—q+r=2

roe p =5 — uucno Bepwun n g = 10 4ucno pebep B rpade, a r —
4ncno rpaHeli B aToii yknagke. lNoatomy r = 7.



KpuTtepuii nnanapHocTtun
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HennanapHocts Ks

dokasatensbcTteo. [lycTb g; — 4ncno pebep, BCTpevatoLmxca npu
obxoae rpaHuupl i-ii rpaHn B 3TON yknagke, i = 1,...,r.

,
Torpa > gi = 2q, T. K. kKaxgoe pebpo cunTaeM gBaxabl.
i=1

Ho ai = 3, nosToOMYy 3r < 2q, nwnm r < % -q.
Monyqaem: 7 < % - 10 — npoTueopeume.

3HauuT, rpad Ks He ABAAETCA NaaHapHbIM.
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a1 az as

by by b3
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Hennanaprocts K33

Teopema 10.5. [pacp K3 3 He siBasieTCs nnaHapHbIM.

Hoka3saTenbcTBO NpoBefem oT obpaTHoro: nycTb rpad K33
nJiaHapeH.

Torpa ons Npon3BONLHOW €ro yKnafKu Ha nJIOCKOCTW BEPHO
PaBEHCTBO:

p—q+r=2

roe p = 6 — 4ucio BepwuH n g = 9 Yncno pebep B rpadpe, a r —
4yncno rpaHeli B aToii yknagke. Noatomy r = 5.



KpuTtepuii nnanapHocTtun
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Hennanaprocts K33

dokasatenbcteo. [lyctb g; — 4ncno pebep, BCTpevatomxcs npu
obxoge rpaHuupl i-i rpaHn B 3TON yknagke, i = 1,...,r.
r

Torga Y. gi = 2q, T.K. Kaxxgoe pebpo cunTaem LBaXKAbl.
i=1

Ho g; > 4, 7.k. B K33 HauMeHblIas AJIMHA LUMKNA PaBHa YeTbIpeMm,
nostomy 4r < 2q, v r < 3.

Monyyaem: 5 < g — NpOTUBOPEYUeE.

3HaunT, rpacd K3 3 He SABNSETCSA MAaHAPHBIM.



KpuTtepuii nnanapHocTtun
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[lomeomopdusm rpados

FoBopsT, 4to rpacp G’ = (V' E’) nonyyen u3 rpacha G = (V, E)
noapasbuernem pebpa e = (v, w) € E, ecnn

V' = VU{u}, reeu ¢V,
E’ EN{(v,w)} U{(v, u), (u,w)}.

padh G’ HasbiBaeTca nogpa3buenunem rpacda G, ecnn G’ moxeT
ObITb Nony4veH n3 G KOHEYHBLIM YUC/IOM noapasbueHnii pebep.

Mpacpbl G = (Vi, E1) n Gy = (Va, E2) HasbiBatoTCs
romMeomMopHbIMUN, eCNu HaliAYTCs N30MOPHbIE KX
noapasbuernst Gf n G} COOTBETCTBEHHO.
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KpuTepuii nnaHapHoCTU

Teopema 10.6 (kputepuii MonTpsrnna-KypaTtosckoro).
Ipagp G = (V, E) nnanapen Torga v Tosbko TOrza, KOrga B HEM He

HaniigeTcs Hu ogHoro nogrpaga, romeomopgprHoro ambo rpagpy Ks,
mnbo rpagpy Kz 3.



KpuTtepuii nnanapHocTtun
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Mpumep. lNpoeepuM, SBAAIOTCS M NAAHAPHBIMU CheayroLLne

rpadbi:

Gy :

Gy :

!




KpuTtepuii nnanapHocTtun
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1. 'pacp G; pgonyckaet yknagky ®(Gy) Ha nnockocTwm.
3HaunT, G; — nnaHapHblii rpad.

G1 . q)(Gl) .
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

Go:




KpuTtepuii nnanapHocTtun
0000000000e

2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

Go:

al



KpuTtepuii nnanapHocTtun
0000000000e

2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

b3

by

Go:

dl & 2
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

b3

b1 a2

Go:

dl & 2
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

b3
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

a3 b3

B

by 22

Go:
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

b3

3/3

by 22
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

bl / ap

b3
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2. Haiipem B rpadpe Gy noarpad, romeomopdHbiii K3 3:

b3

3/3

by 22

3HaunT, Gp — HennaHapHbliA rpad.



3aja4un Ansi CaMOCTOSITENIbHOMO peLleHus

1. [JokaxuTe, 4To Haubonbliee Yncno pebep cpeaun niaHapHbIX
rpacdos (6e3 netenb n KpaTHbIX pebep) cogepKaT TOILKO
TPUaHIrynaLmu.



	 
	
	 
	

